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Abstract. An approximate rate equation based on a film-model representation of diffusional mass transfer is
developed to describe the kinetics of multicomponent adsorption. The model describes mass transfer as a pseudo-
steady state diffusion process through a flat film of thickness equal to one fifth of the particle radius. Starting with an
irreversible thermodynamics description of multicomponent diffusion, the flux relationships are integrated across
the film yielding analytical expressions for the rate of mass transfer in a multicomponent adsorption system, when
adsorption equilibria are described by the extended Langmuir isotherm. The new approximate rate equation can
be conveniently used in the numerical simulation of adsorption systems with concentration-dependent micropore
or surface diffusivity, and describes the effects of diffusional flux coupling. Results of accuracy comparable with
that obtained when using the classical linear-driving-force approximation for systems with constant diffusivities are
obtained with this new rate equation for both batch and fixed-bed adsorption calculations. A generalization of the
approach based on the Gibbs adsorption isotherm describes mass transfer rates in terms of the spreading-pressure
gradient and provides an extension to other multicomponent isotherm forms.

Keywords: multicomponent adsorption, diffusion, Maxwell-Stefan model, linear driving force approximation,
Langmuir isotherm

Introduction In many adsorption systems, however, the micro-
pore- or surface-diffusion flux is more appropriately
Approximate rate equations are extensively used to re- expressed in terms of the adsorbate’s chemical poten-
duce the numerical complexities encountered in fixed- tial gradient. As discussed by several authors (Garg
bed adsorption calculations (Ruthven, 1984; Yang, and Ruthven, 1972; Kapoor and Yang, 1991; Chen
1987; LeVan et al., 1997). The most widely used of et al., 1994) this leads to a concentration-dependent
these simplified rate laws is the so-called linear driv- diffusivity except for the case where the equilibrium
ing force (LDF) approximation, which was originally isotherm is linear. A further consequence of this ef-
obtained by Glueckauf (1955) for solid (or surface) fect is that in a multicomponent adsorption system
diffusion with aconstantiffusivity. Accordingly, for the adsorbates’ fluxes are coupled (Habgood, 1958;

an adsorbate with diffusivitngi, this rate law can be  Rounds et al., 1966; &ger and Blow, 1975). Thus,

written as: the diffusional flux of one adsorbate depends upon
on, 15D the concentration gradient of all of the adsorbates.

FTERT (ni — ni) (1) EoIIOW|_ng the _|rrever3|_ble thermodynamu_:s formula-
P tion, this coupling can in general be described through

wheren; is the average adsorbate concentration in the the multicomponent adsorption isotherm (Krishna and
particle,n}is the adsorbate concentration atthe particle Wesselingh, 1997). As a result, the kinetic behav-
surface, and, is the particle radius. ior is influenced by the shape of the isotherm and



6 Carta and Lewus

different kinetic behaviors are obtained at different where DO is the so-called “corrected” or “limiting”
mixture compositions. Several authors (e.g. Farooq dlffuswlty (which is related to the adsorbate’s mobility
and Ruthven, 1991; Farooq et al., 1993; van den in the adsorbed phase), is the adsorbate concentra-
Broeke and Krishna, 1995;_Kr|shna ahd Wesselingh, tion, andy; is the adsorbate’s chemical potential. As-
1997) have reported experimental evidence of these suming that the adsorbed species behave ideally in the
effects in microporous adsorbents. fluid phaseyu; = u? + RT Inp;. Thus, for a system
Recently, Carta and Cincotti (1998) and Carta et al. with M components Eq. (2) can be written as:
(1999), have introduced a “film model” approach to
develop approximate rate laws for cases where the dif- 51N n M an an.
fusivity is concentration dependent. The film-model J = —ppDSI ,_p' = Pngl ! Z <ﬂ_l>
approach is based on the observation that the intraparti- or b= an; ar
cle diffusional resistance can be considered equivalent (3)
to the resistance offered by aflat film of thickness equal
to one fifth ofthe_z pgrtlcleradlus. By representing trans- where the derivativesp; /dn; are obtained from the
port through this film as a pseudo-steady-state diffu- .
isotherm. An equivalent expression is obtained follow-
sion process, in certain cases, analytical expressmns
ing the Maxwell-Stefan approach if all hon-diagonal
for the adsorbate flux can be obtained and have been
. . o terms in the diffusivity matrix are assumed to be zero,
shown to provide a consistent prediction of the effects

. e . a case corresponding to the so-called “single file” dif-
of concentration-dependent diffusivity on adsorption ) : . )
. ) . .~ fusion mechanism (van den Broeke and Krishna, 1995;

rates in both batch and fixed-bed adsorption and ion-

Krishna and Wesselingh, 1997).
exchange systems. For a Langmuirian system where the multicompo-
The objective of this paper is to extend the film- 9 Y P

model approximation to the case of multicomponent nentisotherm is given by:
adsorption, when the adsorbate flux is expressed in
terms of the chemical potential gradient. Analytical pi = v
expressions are obtained for the case of Langmuirian by (nm — k=1 nk)
adsorption equilibrium behavior. These expressions
permit the replacement of the partial differential equa- we obtain the expression:
tions describing intraparticle diffusion with explicit
rate equations. The results obtained through the film-

J = ~—Pp SI<

n;

(4)

model formulation quantitatively predict the effects of
adsorbate flux coupling. When compared to results ob-
tained by numerically integrating the full intraparti-
cle diffusion model, the film-model approximation is In the infinite dilution case, the second term in paren-
shown to yield accuracy comparable to that obtained thesis approaches zero, and the flux expression reduces
when using the classical LDF approximation for sys- to that for the constant-diffusivity case. In dimension-
tems with constant diffusivity. A formal generalization less form this equation can be written as follows:

of the treatment to permit extension to other multicom-

ponent isotherms is obtained using the Gibbs adsorp- <3y| 3 lny, )

an; n; 8nj)
TS ()
2

tion isotherm. J=—-— | (6)

ap ap
whereJ* =r Jl/nm,opD&ref is a dimensionless flux,
= Doref/DOI is the ratio of corrected diffusivities,
yi = n;j /Ny is the dimensionless adsorbed phase con-
centration,o = r/rp is the dimensionless radius, and
The adsorption model used in this work is based on the w=1- Zk 1 Yk is the fraction of the saturation or
; . monolayer capacity which is free of adsorbates. Fi-
following flux equation: e
nally, D2  is the corrected diffusivity of a reference
adsorbate. This flux equation may be used in con-
DS dpi junction with the following dimensionless conservation
J = —Ppor Ni—— (2 J . . g . -
RT — or equations to describe adsorption in a fixed bed.

Theoretical Development

Rigorous Model
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For the particles the following result for each of th®l adsorbates:
* 2 2
Ay, 10 5., dJ =_i d% dydiny, d%iny _0
9t p2 %(p 3 0 dp o\ dp2 dp dp ' dp?
ay (©)
ap Since for Eqg. (9) to be satisfied the term in parenthe-
p=1 y =y (7b) sis must be zero, summing over all the adsorbates we
obtain the differential equation
=0 y=y (7¢) ,
d? d
I o~ (o) - (10)
yi =3/ Yip©dp (7d) dp dp
0

with boundary conditions:
wherer = tD? ;/r7 is the dimensionless time aryd
andy? are the surface and initial adsorbate concentra- ) R ML
tions. p=1 y=y=1- Z Yi (10a)
For the fixed-bed =

1 _ Mo
%+%—0 @) /0:1—55 y|=y|=1—Z;yj (10b)
ar | 9E =
oy _ 9% _ 35| (8a) Equation (10) has solution of the foryn = y exp(Bp)
ot dt tlo=1 where the integration constantsand g are determi-
_ 0 x —xF 8b ned from Eqgs. (10a) and (10b). Inserting this result in
§=0- %=X (8) Eqg. (6) provides the following expression for the di-
7=0: §=y° (8¢) mensionless adsorbate flux:
" |
whereX; = Ci/Cet is the dimensionless fluid phase [ a; (Y|S _ 37|)/In(yf/37|)

concentrationé = zA Dgref/vrg is the dimensionless

bed length,A = ppnm/eCrer is @ partition ratio, and  Fipally, combining this result with the overall mass

v’ = 7 — §/A. External mass transfer resistance and pajance for a spherical particle (Eq. (8a)) yields the
axial dispersion are neglected in these equations, fjim model approximation:

and the fluid velocity is assumed to be constant. Ob-

viously, these assumptions can be relaxed and a more ayi 15 Y — Giy?

complex model can be used. However, this is beyond P (ys —y )/In(ys/y ) (12)
the scope of this paper. Dimensional forms of these ' ! ' a4

equations can be found in a variety of standard texts ., pe seen that in the limit of low adsorbate load-

(Ruthvc_an, 1984; Yang, 1987; LgVan et ".’II" 19.9_7)' ings, wheny} and y, approach unity, this equation

Numerical calculations were carried out with a finite reduces to the classical LDF approximatiof /o<

difference scheme as discussed by Carta and Cincotti_ (15/a)(yS — %). In other situations, however
- I . 1] 1]

(1998) and Carta etal. (1999). Eq. (12) describes the effect of concentration-
dependent diffusivity and diffusional coupling in mul-
ticomponent adsorption, and can be used with well-
established numerical computation schemes.

Film Model Approximation

To develop this approximation, the intraparticle dif-

fusional resistance is represented by pseudo-steady-Application Examples

state diffusion through a hypothetical flat film of thick-

ness equal to one fifth of the particle radius (Carta and To ascertain the usefulness of the film-model appro-
Cincotti, 1998). Withthese assumptions, Eq. (6) yields ximation for multicomponent adsorption, numerical



8 Carta and Lewus

0.6 - " g in this figure corresponds to the case where A alone
is adsorbed, where, of course, there is no maximum.
The rate of uptake of B, as shown in Fig. 1(b), is influ-
enced by the simultaneous uptake of A and becomes
slower as the diffusivity ratio is increased. This occurs
because of the coupling of diffusion fluxes that slows
down the adsorption of B as a result of the counter-
diffusion of A which follows the A-loading overshoot
above the equilibrium value. As seen in Fig. 1, the
film-model approximation is in qualitative agreement
with the shape of the uptake curves for each value of
the diffusivity ratio. In fact, for each value of the dif-
fusivity ratio, the agreement between the film-model
approximation and the rigorous model is comparable
with that obtained when using the classical LDF ap-
proximation for a constant-diffusivity system. More
importantly, however, the film-model approximation
provides a quantitative prediction of the effects of a
concentration-dependent diffusivity and of diffusional
coupling in multicomponent adsorption.

Figure 2 shows numerical results comparing two-
component breakthrough curves based on the rigor-
ous model (Eg. (6)), the LDF approximation with con-
stant diffusivities (Eq. (1) with diffusivities assumed
equal to the corrected diffusivity for each adsorbate
species), and the film-model approximation developed
Figure 1 Comparison of numerical solution of rigorous model in this work (Eg. (12)). Conditions chosen for these
(solid lines) and film-model approximation (dashed lines) for binary sample calculations areDgA/DgB =10,by=2, bg
adsorption on asingle partic_:le V\_/it_h con_stant surfgce.concer?tra_tions =1, CX =0.5, Cg =18 A — 20, and: = 1. Forthese
et Sosaale. e said s oo condifons, at euilbrumy — 005 andy = 09 as

for the case considered in Fig. 1. As seenin Fig. 2, the

05

1.0
i 0, 2
‘t—tDs’ A /rp

calculations were carried out for a binary adsorption 2
system, with adsorbates A and B, for batch uptake with _
a constant surface concentration, and for an adsorption 10| e

bed with constant initial and feed concentrations.
Figure 1 shows a comparison of the numerical solu-
tion of the rigorous model for batch uptake (Eqs. (6)
and (7)) with the corresponding film-model approxima-
tion (Eq. (12)) for a binary system wityg = 0.05 and 04 [
yg = 0.9 using different values of the diffusivity ratio
D2,/D2g. The system simulated is the same as that
considered by Round et al. (1966) and our numerical 00 . .
results agree with the ones obtained by those authors. 0 ! 2 8 4 5
As shown in Fig. 1(a), the adsorbent loading with the =D, % ?
faSt?r diﬁ.usmg species, A’. S.hOWS a maXimum-a-t inter- Figure 2 Breakthrough curves for binary adsorption calculated
mediate times be,fore d(_:"C“nmg to t,he final nghbnum from the numerical solution of the rigorous model, the LDF ap-
value. The maximum increases in magnitude as the ,oyimation with constant diffusivities, and the film-model approx-
diffusivity ratio is increased since more A is adsorbed imation (Eq. (12)).D,/D2g = 10, ba = 2, bg = 1, ¢ = 05,
in the early stages of the process. The bottom curve cf =18 A =20, andé = 1.
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06

Exact solution
----- Film model
- - —-- LDF approximation

02




film-model approximation is in good agreement with

the rigorous model, predicting the breakthrough curves
with an accuracy consistent with that of the classical
LDF approximation for constant diffusivity systems.

As seen in this figure, however, although the LDF ap-
proximation is reasonably close to the breakthrough
curve of the faster diffusing and lower-concentration
adsorbate, A, it completely fails to predict the break-
through of the slower diffusing and higher concentra-

tion adsorbate, B. This occurs because of the concentra-

tion dependence of the diffusivity and of the coupling
of solute fluxes which are not accounted for in the
LDF approximation. Conversely, the film-model ap-
proximation correctly predicts these effects and gives
reasonable predictions of the two-component break-
through curves for both A and B.

The effect of increasing the diffusivity ratio to

D2,/D2g = 50 is shown in Fig. 3. In this more ex-

treme case, the agreement between the film model and.

the exact solution is not as good as in the previous
case forthe more strongly adsorbed and faster-diffusing
species A. However, compared to the LDF approxima-
tion with constant diffusivity, the film model is still
superior providing a reasonable approximation of the
profile for the less strongly adsorbed and slower dif-
fusing species B and the correct shape for A.

The last effect considered is the isotherm non-
linearity. Figure 4 shows predicted profiles for a case
where the ratioD?, /D2 = 10 but the feed concen-
trations are changed tof = 2,cf = 4 giving y3
=Yg = 0.44 at equilibrium. The film model is again
in good agreement with the exact solution. In particular,

15

Exact solution
Film model
- - —-- LDF approximation

- 0. 2
’t—tst A /rp

Figure 3 Breakthrough curves for binary adsorption calculated
from the numerical solution of the rigorous model, the LDF ap-
proximation with constant diffusivities, and the film-model approxi-
mation (Eq. (12)).D2,/D2g =50, ba = 2, bg = 1, cf = 05,

ck =18 A =20, andé = 1.5.

Film Model Approximation

15

1.0

clcf

05

Exact solution
Film model
—-—--LDF approximation

5 6 7 8

. 0y 2
T—tDs‘ A /rp

Figure 4. Breakthrough curves for binary adsorption calculated
from the numerical solution of the rigorous model, the LDF approx-
imation with constant diffusivities, and the film-model approxima-
tion (Eq. (12)). D2, /D2, =10, ba =2, bg =1, cf =2, cf =4,

A =20, and¢ = 1.

it correctly predicts the shape of the profile for the more
strongly adsorbed species characterized by a sharp ini-
tial rise followed by much more gradual approach to
the feed concentration. This occurs because within the
adsorption bed, the adsorbed phase concentration of
A exceeds the equilibrium value for short times (see
Fig. 1). For longer times, desorption of A must oc-
cur against a counter-diffusion flux of the more slowly
diffusing species B generating a slow approach to equi-
librium. The LDF approximation with constant diffu-
sivity predicts a shallower profile for B and an incorrect
shape for A.

Generalization

Having demonstrated the predictive capability of the
film-model approximation for systems where multi-
component adsorption equilibrium is described by the
extended Langmuirisotherm, we now turn our attention
to generalizing the approach to other isotherms. For
the general case, witl adsorbates, the Gibbs adsorp-
tion isotherm is (Young and Crowell, 1962):

M
Adr = njdy; (13)
j=1

]7

where A is the adsorbent area andis the spreading
or surface pressure. From Eq. (2), assuming pseudo-
steady-state diffusion across the film, we obtain:

DY,

dg <

. dn; du;
ar = PPt

ari _dzﬂi
dr dr

N4z

):o (14)
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From Eq. (13) we also have: (Nmi = Nmj = Nm, A = A; = A) these equations
5 5 reduce to Egs. (11) and (12). In this case, from the
Ad_” _ Z d”J dMJ + d% (15) Gibbs isotherm we have (Myers, 1986):
dr2 dr dr I dr2
. _ Ar P " dIn py
Thus, combining Egs. (14) and (15) yields: WT A Edn = A dinn. dn
| I
d271’ Nmi
— =0 16 =NpiInf ——— 21
dr2 o) ot @

which implies that the spreading pressure is a linear
function of distance in the film. Thus = yr + 8
withy = 5(x®—7)/r,. Hererandr are the particle-
surface and bulk spreading pressure values.

The chemical potential of a component in the ad-
sorbed phase can be written as follows (Suwanayuen
and Danner, 1980):

wherep; (r) andn;(xr) are for the pure component at
the same spreading pressure of the mixture. Solving
Eqg. (21) forn{(r) and using the condition that there
is no area change upon mixing (Myers and Prausnitz,
1965) the following result is obtained:

_XM:[nJ  eXp(AT /N R T) }
]

M
* N A 1=
wi =t +RTIng + Ax 17) ; N (r Nmj  EXp(AT/Np RT) — 1

wherep" is the adsorbate’s chemical potential at infi- (22)

nite dilution,a; is the activity, and is the adsorbate’s

partial molar area. If we assume that the adsorbed In general, this equation has to be solved numerically
phase is ideal and that the adsorbate’s partial molar to find for given values of the;’s. However, when

area is constant, from Egs. (2) and (17) we obtain: the saturation capacities are equal, this equation can be
solved explicitly giving the result:
DY, dinni . drx
J=- RT —— P —
PPRT ( TRRANT )

exp(%_) = 7%,\,' (23)
dn; A drx ‘ Nm— > 21 Nj

D -
—Pr 5"<dr+ 'RT dr) o
R B where we have takeA = A = A/ny,. When Eq. (23)
DO. [m +n 5A@ - ”)] (18) is inserted in Eq. (20), we obtain:

d o NRT
_ _ _ _ _ _ an,  15DY,
Finally, integrating this equation across the film as was S5t 2 :
done for Eq. (10), yields the following expressions for p
the flux and the rate equation: ' nS(Nm — 3= Aj) = Ai(Nm — X_; )
A~ _ nm—Z' nsS
L 5wbl Awr-m ((hm— 32, 15) = (N — X2, 7)) /in(=gi )
! rp RT (24)
nSexplA; (7° — 7)/RT] — i
' exp[A- (75— 7)/MT] — 1 (19) which is the same as Eq. (12).
i ¢
on _ 15Dg; A (r*—7) o .
T N Comparison with Extended LDF Approximation
.n? exp[Ai (75 — 7)/RT] — A (20) An empirical extension of the classical LDF approxi-

exp[A (75 — 7)/RT] — 1 mation to account for diffusional coupling of fluxes
in a multicomponent system has been suggested by

We can verify that for the special case of an ideal Marutovsky and Blow (1987) and Sircar (1991)
Langmuirian system with equal partial molar volumes and has been further developed by Sundaram and
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Yang (1998) to predict the effects of concentra- hand, itis apparentthattheir validity is necessarily lim-
tion-dependent diffusivities on pressure-swing-adsorp- ited to special cases where the intraparticle concentra-
tion calculations for two- and three-component tion profiles can indeed be approximated as parabolic.
Langmuirian systems. The basis for the extended LDF This occurs when the adsorbates’ concentrations are
model used by Sundaram and Yang is the assump-very low. In this case, however, the effective diffusivi-
tion that the intraparticle concentration profiles are ties become constant and there is no coupling of solute
parabolic. In this case, as shown by Liaw et al. (1979), fluxes. For other situations, the intraparticle concentra-
we obtain: tion profiles can be far from parabolic and Eq. (27) or

Eq. (28) can give erroneous results unless they are used
_ E (ns _ ﬁi) (25) in an empirical way with limiting diffusivity values fit-

ted to multicomponent adsorption rate data (Sundaram
and Yang, 1998). For example, we can consider binary
desorption from a particle with the boundary condition
n; = n3 = 0. In this case, from the extended LDF
approximation (Eq. (28)) one would obtain the result:

an;
ar

r=rp

Thus, for the case of a Langmuirian system, the fol-
lowing result is obtained from Eq. (5):

505D, [ i n
Jlrmry=———=| (M{ = M) + —Z— a0 15D9
' p ! N — ey N e (29a)
M p
DICELI I 1500,
=1 W — (2 - Ny (29b)

p
The latter, combined with an overall balance for the

particle yields the rate equation: which, contrary to expectations, would predict constant

effective diffusivities with no flux coupling. On the
other hand, the film model approximation developed

(27)

For the case of two componentd (= 2), this equation
gives:

any  15DY,

ot 2
ot rs

Nm — N3
S S(n
Nm—N; — N3
S
_m
S S
Nm— N — N3

(n; - ﬁz):| (283)

S
n;
S S
Nm — N§ — N3

on, _ 15D, s _ =
— = n§ —n
T (g =)

Nm — N3

+7
Nm—N3 —n3

(ng — ﬁz):| (28b)

which coincides with the result of Sundaram and Yang

S — in this work, for the case of a Langmuirian system

(Eq. (12) or (24)), yields the result:

on; _ 15DQ; Nmiiy

Bt 12 A+ np)/IN[Nm/(Nm — Ny — Np)]
(30a)

an,  15D7, Nz

Bt 12 (A+np)/IN[Nm/(Nm — Ny — N2)]
(30b)

This result retains the expected concentration depen-
dence and flux coupling of the diffusing adsorbates
and produces results consistent with detailed numeri-
cal simulations.

Conclusion

A film-model approximation has been developed to
simplify numerical calculations of multicomponent ad-
sorption in batch and fixed-bed adsorbers. The new

(1998). These equations include a dependence of therate expression introduced in this paper, based on an

“effective” diffusivity on the adsorbates’ concentra-
tions at the particle surface; andn3. On the other

equivalent film resistance model, provides a simple
tool for numerical calculations pertaining to processes
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using spherical adsorbent particles. The approxima- t Time, s

tion provides a quantitative prediction of the effects T Temperature, K

of concentration-dependent diffusivity and adsorbate Fluid velocity, m/s

flux coupling, and gives results of accuracy compara- x; Dimensionless fluid-phase adsorbate

ble with that obtained when using the classical LDF concentration=c; /Cref)

approximation for constant diffusivity systems. The Dimensionless adsorbate concentration in
latter approximation can, in fact, be considered as a adsorbate phase=(; /nm)

special case of the more general film-model appro- vy, Fraction of saturation capacity free of
ximation. Although only a limited set of cases was adsorbates=£1 — ZE"ZI Vi)

considered explicitly in this paper, it is clear that the 5 Bed length or bed axial coordinate, m

new rate equation can be conveniently used for adsorp-
tion calculations in more complex situations in concert
with various available numerical algorithms. A formal
generalization of the approach, based on the Gibbs 4, Ratio of limiting diffusivities D2,/ DY;)
adsorption isotherm, provides a framework for extend- Bed void fraction

ing the treatment to other multicomponent isotherm 5 Partition ratio & ppnm/&Crer)

expressions. An analogous formulation has also been . Chemical potential, J/mol

Greek Letters

developed for multicomponent ion exchange based on . Spreading pressure, N/m

the Nernst-Planck flux equations and is presented in , Dimensionless radial coordinatei(/ry)
Carta and Lewus (1999). It should be noted, however, , = Bed density £pp(1— £)), kg/n?

that additional effects may have to be consideredforthe , Particle density, kg/f

case of cyclic adsorption-desorption operations when Tp Dimensionless time<(t D?,/r2)

the cycle time is very short. In this case the LDF ap- ./ pimensionless time£r _Sg/AFS

proximation, even with constant diffusivity, deviates Dimensionless bed length or axial coordinate
from the exact solution for a single particle unless the (=zAD?, /vr?)

LDF coefficient is assumed to be a function of cycle sref =P

time (Nakao and Suzuki, 1983). This could also affect

the film model predictions. Superscripts

F Feed value

S Value at particle surface
g Thermodynamic activity - Average over the patrticle
A Surface area of adsorbent?fkg
A Partial molar area df, m?/mol Subscript

b Langmuir isotherm parameter, 1/Pa

Ci Fluid phase concentration of adsorbate species, r
mol/m?

cef Reference fluid phase concentration, mél/m

ef  Value for reference adsorbate

Dgi “Corrected” or “limiting” adsorbate diffusivity, Acknowledgement

m/s
. Adsorbate flux, mol/s This research was supported by NSF Grant No. CTS-
J*  Dimensionless adsorbate flux 9709670.
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